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Topological properties of the wavefunction manifolds - bands are in focus of modern condensed
matter research. In this Article, we address the definition and values of topological numbers of quan-
tum superpositions of the topologically distinct bands. The problem, although simple in essence, can
be formulated as a paradox: it may seem that quantum superposition implies non-integer topological
numbers.
We show that the results are different for superpositions that are created dynamically and for
those obtained by stationary mixing of the bands. For dynamical superpositions, we have found that
an observable commonly witnessing a topological number is non-integer indeed. For static superpo-
sitions, the resulting bands retain integer topological numbers. We illustrate how the quantization of
topological number is restored upon avoided crossing of topologically distinct subbands. The band
crossings may result in the exchange of topological numbers between the bands upon changing the
parameters describing the bandstructure. This is a phase transition between the phases defined as
sequences of topological numbers of the bands. We consider complex phase diagrams arising in this
context and show the absence of triple critical points and abundance of quadruple critical points
that are rare in common phase diagrams. We illustrate these features with a bilayer Haldane model.
I. INTRODUCTION
The notion of the topology of the wavefunction man-
ifolds has been being discussed for many years (see e.g.
Refs.1,2). In addition to the topological applications in
the fields such as cosmology3, quantum field theory4,
classical integrable Hamiltonian dynamics5, etc. it has
also been understood that the topology may play an
important role in condensed matter6, in particular in
the quantum description of crystal solids7,8. The Chern
insulator9 is an example of such an application. Let
us describe the simplest case of a 2-dimensional Chern
insulator. The Hamiltonian of this periodic solid is a
matrix defined in the compact space of two quasimo-
menta qα, α = 1, 2 and is continuous. The eigenbasis of
the Hamiltonian is also parameter-dependent and the re-
sulting manifolds of parameter-dependent wavefunctions
that belong to a certain eigenvalue are usually called
bands. It is important to note that continuity of the
Hamiltonian does not immediately imply the continuity
of these wavefunctions. Since the eigenfunctions are de-
fined upon the phase factor eiχ(~q), they have to be contin-
uous only upon a phase factor. Let us call this property
a quasi-continuity.
Mathematically a band can be regarded as a section of
a 1-dimensional linear bundle that can be characterized
by an integer Chern number in a standard way2,10. It is
common to define the Berry curvature of the band k is
commonly defined as2 B
(k)
αβ = −2Im〈∂qαψk(~q)|∂qβψk(~q)〉.
The first Chern number is an integral of the Berry cur-
vature over the compact space of ~q and has to reduce to
an integer times (2pi). One can also define the Hamilto-
nian in the space of ~q with more dimensions. Then the
first Chern number is defined as the integral over any
2-dimensional compact subspace of ~q.
In physical terms first Chern number can be directly re-
lated to the transconductance of the system. To establish
this, one may utilize the description in terms of the semi-
classical equations of motion. As known11, a nonzero
value of the Berry curvature brings about a nonzero drift
velocity transverse to the external force F β . Average of
this drift velocity over the ~q-space is expressed in terms of
the first Chern number. This explains the transverse con-
ductance quantization in the QHE setups1,12. We note
that the above consideration implies that the initial wave-
function is the eigenstate of the Hamiltonian. It is not
evident if the conclusion is valid for more complex initial
wavefunctions.
The linearity is one of the basic postulates of quan-
tum mechanics: a linear superposition of two wavefunc-
tions is also a valid wavefunction of the system. What
are the topological properties of the superposition of
topologically distinct bands? To comprehend why the
question is not trivial let us consider a short example.
Let us take two bands of quasi-continuous wavefunctions
|ψ0(~q)〉, |ψ1(~q)〉 with different first Chern numbers C0 = 0
and C1 = 1. Let us consider a superposition of those
bands with parameter-independent coefficients a, b 6= 0
|ψ(~q)〉 = a|ψ0(~q)〉+ b|ψ1(~q)〉 (1)
What is the Chern number of this superposition? It is a
weighted sum of two Chern numbers, |b|2 which is gen-
erally not integer. The topology dictates that the Chern
number must be integer10. So, this presents an apparent
paradox.
The solution is simple: the superposition of two quasi-
continuous wavefunctions is not quasi-continuous and is
not subject to topological classification. The superpo-
sition can be made quasi-continuous by choosing the
proper parameter dependence of a and b. This restores
the quantization of Chern number.
This sets the goal of this Article: to investigate the
topological properties of superpositions. We address the
superpositions of two kinds. A dynamic superposition
is created at a given value of ~q and then evolves in ac-
cordance with the Hamiltonian dynamics. A static su-
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2perposition is obtained by modification of the stationary
Hamiltonian that mixes the bands. Let us shortly de-
scribe the results. Firstly, we consider dynamic superpo-
sitions. We investigate the time evolution of a particle in
the Chern insulator that is prepared initially in a super-
position state. In such insulators the transverse current
response - the transconductance is supposed to witness
the Chern number. The quantization of transconduc-
tance is related to the quantization of transmobility that
gives a transverse velocity. We find for a superposition
that the resulting transmobility is indeed proportional
to the weighted sum of Chern numbers, so it is not a
subject of topological quantization. This can be deduced
that the wavefunction is not periodic in time and its time-
dependence is complex. Although dynamics are equiva-
lent to the slow change of parameters ~q in the Hamilto-
nian the wavefunction does not remain quasi-continuous
on a closed trajectory in a parameter space. This is dif-
ferent from the dynamics of the eigenfunctions. Thus
the resulting wavefunction is not a subject of topological
classification.
Next, we investigate the static superpositions, made by
adding the mixing matrix elements between the bands
into the Hamiltonian. We investigate the topological
properties of the resulting eigen-bands. These eigen-
bands are quasi-continuous and we establish the topolog-
ical restriction on the parametric dependence of the mix-
ing matrix element: it must be zero at least in one point
in ~q-space. The Chern number of a static superposition
is thus integer and may change abruptly upon changing
of the parameters of the bandstructure. Such an abrupt
change is a topological phase transition, so this naturally
brings us to the consideration of possible phase diagrams.
The phases we consider are defined by a set of first Chern
numbers attributed to each band with Chern numbers
being ordered with increasing energy of the bands. We
investigate the critical points in these phase diagrams and
find no triple points. The critical points are quadruple
connecting 4 regions in 2d parameter space. There are
two kinds of quadruple points with either 4 or 3 different
phases in the adjacent regions. This is different from the
case of phase diagrams for usual phase transitions where
generically triple points are present13. We extensively il-
lustrate these features of phase diagrams with a specific
example of a bilayer Haldane model.
The paper is organized as follows. In Sec. II we de-
rive the value of the transconductance of a particle pre-
pared initially in the superposition state. The discussion
of the restrictions imposed by general topological con-
siderations on the mixing matrix element between two
topological bands is given in Sec. III. In Sec. IV we ad-
dress the properties of the topological numbers exchange
for between two static superpositions. In Sec. V we
investigate the case of multiple bands introducing and
discussing the general features of the phase diagrams. In
Sec. VI we illustrate these general features inspecting
the phase diagrams of the topological phase transitions
in the bilayer Haldane model. We conclude in Sec. VII.
The present a note on a specific degenerate case of the
bilayer Haldane model in App.V III.
II. ADIABATIC EVOLUTION OF THE
SUPERPOSITION
In this Section we consider the adiabatic evolution of a
particle initially prepared in a superposition of two states
that belong to different bands. We will compute the
transmobility µ of a particle defined as the proportional-
ity coefficient between the drift velocity in the direction
perpendicular to the external force and the external force,
vα = µeαβFβ . As we will show below, for a particle in a
certain band
µ = −2piC
~Ω
(2)
where C is an integer Chern number of the band and
is the volume of the Brillouin zone Ω =
∫
dq1dq2. The
transverse current density of a many-body system at zero
temperature is a sum over filled bands labeled by j
jα = e
∑
j
vjαn
j = e2
∑
j
µjn
jαβE
β (3)
where µj is the transmobility in the band j and the par-
ticle density nj =
Ω
(2pi)2 in a filled band does not de-
pend on a band . With this, the transconductance14, the
proportionality coefficient between the transverse current
and the voltage Ix = GxyVy is quantized in the units of
e2/(2pi~),
Gxy = − e
2
2pi~
∑
j
Cj (4)
This is a well-established result1.
Thus, the problem of the computation of the current
can be reduced to the problem of the computation of
the transmobility. It can be computed by solving the
Schrodinger evolution equation for the wavefunction and
computing the expectation value of the velocity operator
that is defined as
ˆ˙xα =
1
~
∂Hˆ
∂qα
(5)
where qα is a quasi-momentum parameter of the system.
In the case of the milti-terminal superconducting junc-
tion it would be the global phase of one of the leads15.
The computation of transmobility of a particle in a
single band is standard. A weak force doesn’t cause in-
terband transitions but changes the wavevector in time
~q˙α = Fα. For constant Fα
~~q(t) = ~Ft+ const (6)
for a resulting trajectory in ~q-space sweeps over the whole
Brillouin zone at long time scale t ∼ ~√Ω/|~F | at least
for incommensurate direction of force.
3In the case when the initial state is the eigenstate of
the Hamiltonian, the mean current reduces to the Berry
curvature of the initial state. It follows from the semi-
classical equations of motion11 that the Berry curvature
brings an addition to the velocity:
~˙x =
1
~
∂E(q, x)
∂~q
−Bαβ q˙β = 1~
∂E(q, x)
∂~q
−Bαβ Fβ
~
(7)
We consider this equation at the long time scales such
that the whole Brillouin zone is swept over. Upon the
sweeping desribed by Eq.(6) the first term in (7) describes
Bloch oscillations and averages to zero since it is a deriva-
tive over ~q. The second term reduces to the average of
the Berry curvature
1
Ω
∫
d~qBαβ =
2piCeαβ
Ω
(8)
which is an integer Chern number C, and gives the drift
in the direction perpendicular to the applied force
〈x˙α〉 = −2piC~Ω × αβF
β , µ = −2piC
~Ω
(9)
in agreement with Eq.(2).
Let us compute the transmobility for a superposition.
One can make such a superposition by an oscillating
modification16 of bandstructure parameters. A pulse of
these oscillations brings a number of particles to the su-
perposition state in a narrow region in ~q-space where the
frequency of the oscillations matches the energy differ-
ence between the bands |ψ0,1〉 with different Chern num-
bers ~ω = 1(~q0)− 0(~q0). After the pulse, wavefunction
of one particle with the quasi-momentum ~q0 is
|ψ(t = 0)〉 = a|ψ0(~q0)〉+ b|ψ1(~q0)〉 (10)
a, b being the superposition coefficients. We need to solve
i~
∂ψ(t)
∂t
= H(~q(t))ψ(t), ~q(t) = ~q0 + ~Ft (11)
where we treat the quasi-momentum of the particle as
an adiabatically changing parameter of the Hamiltonian.
We seek for the wavefunction in the instantaneous eigen-
basis of Hˆ(t), |ψ(t)〉 = ∑k ck(t)|ψk(t)〉, k labeling all the
bands. The coefficients ck in the zero order of adiabatic
perturbation theory in the parameters q˙α,β are
c
(0)
0 (t) = e
iθ0(t)a, c
(0)
1 (t) = e
iθ1(t)b, c
(0)
l>1(t) = 0 (12)
where
θk(t) = −
∫ t
dτEk(t) +
∫ t
~A(k) · d~q(t) (13)
incorporates both the dynamical and geometric phases2,
and ~q(t) being the path in parameter space as in Eq.(11).
Here A
(k)
α is the Berry connection, A
(k)
α = i〈k|∂qαk〉.
To compute the expectation value of the drift velocity,
〈ψ(t)|ˆ˙xα|ψ(t)〉, we need to evaluate ck up to the first or-
der
c
(1)
0 (t) =
ibeiθ1(t)〈ψ0|ψ˙1〉
E0 − E1 , c
(1)
1 (t) =
iaeiθ0(t)〈ψ1|ψ˙0〉
E1 − E0
(14)
c
(1)
l>1(t) =
ibeiθ1(t)〈ψl|ψ˙1〉
El − E1 +
iaeiθ0(t)〈ψl|ψ˙0〉
El − E0 (15)
We average this expectation value over the short time
scale ts|E0 − E1|  ~ thereby neglecting the fast oscil-
lating terms ∼ ei(θ0(t)−θ1(t)). We obtain
〈ˆ˙xα〉 = 1~ (|a|
2 ∂E0
∂qα
+ |b|2 ∂E1
∂qα
− F β [|a|2B(0)αβ + |b|2B(1)αβ ])
(16)
where the first two terms are of zero order in q˙α,β and
coming from Eq.(12) and the last two are the first order
adiabatic correction coming from Eqs.(14), (15). Thus,
Eq.(16) generalizes Eq.(7) for the case of a superposi-
tion. As above, we consider the drift velocity at the long
time scale such that the whole Brillouin zone is swept
over. Upon the sweeping described by Eq.(6) the first
two terms in (16) average to zero since they are deriva-
tives over ~q with time-independent coefficients. The last
two terms reduce to the weighted sum of the averages of
two Berry curvatures. Finally, we obtain
〈x˙α〉 = −2piC
′
~Ω
× αβF β , C ′ = |a|2C0 + |b|2C1 (17)
Thus, the transmobility of a particle in a superposition
state is not quantized. The absence of the topological
quantization can be explained from the fact that the dy-
namical superposition is not periodic in ~q even if upon
sweeping the wavefunction comes to the same or close
point in Brillouin zone. It won’t be the same due to
the fast oscillating factors eiθ0,1(t). In other words, the
dynamical superpositions do not form a manifold where
topological constraints can be imposed.
The experimental observation of this effect is rather
straightforward. If we apply sequence of pulses to a sam-
ple a number of particles will be brought to a superpo-
sition state. This number will be proportional to the in-
tensity of radiation. One would just see deviations from
the quantized value of the current proportional to the
radiation intensity.
III. TOPOLOGICAL CONSTRAINT ON THE
MIXING MATRIX ELEMENT
In the previous Section, we have seen that a dynamical
superposition shows a non-topological response. Since it
is not an eigenfunction of a Hamiltonian. In this Sec-
tion we consider the static superpositions that are the
eigenfunction of a stationary Hamiltonian. We consider
a smooth N ×N Hamiltonian H0 +H ′ with N ≥ 2. The
Hamiltonian H0 is assumed to be diagonalized giving rise
4to a bandstructure that includes topologically non-trivial
bands. The addition H ′ is a perturbation that is gener-
ally non-diagonal in this basis. With this, the eigen-
bands of the total Hamiltonian will be quantum super-
positions of the eigenbands of the unperturbed Hamilto-
nian with well-defined energies. As above, all the bands
and the Hamiltonian are defined on 2-dimensional com-
pact space of parameters q1,2. Let us concentrate on two
bands |ψ0,1(~q)〉 with different Chern numbers C0,1 = 0, 1
introduced above.
We can choose different gauges for wavefunctions in
these bands by multiplying it with a phase factor χ(~q).
By a proper choice of the gauge the topologically triv-
ial band |ψ0(~q)〉 can be made not only quasi-continuous
but truly continuous. In distinction from this the topo-
logically non-trivial band |ψ1(~q)〉 cannot be made con-
tinuous everywhere. However, by a proper gauge choice
it is possible to make it continuous within the Brillouin
zone placing possible discontinuities on its boundary. We
will stick to this convenient gauge choice. The effective
Hamiltonian in the subspace of those two bands H is
obtained by projecting H0 +H
′ on that subspace
H =
(
0(~q) t(~q)
t∗(~q) 1(~q)
)
(18)
where the mixing matrix element
t(~q) = 〈ψ0|H ′(~q)|ψ1〉 (19)
is a continuous function inside the Brillouin zone by
virtue of the gauge choice made.
We will prove now a general and important topologi-
cal constraint imposed on t(~q): if the Chern numbers of
two bands are different, then for any H ′ there must ex-
ist a point in ~q-space where the mixing matrix element
vanishes
∃(q∗1 , q∗2) : t(q∗1 , q∗2) = 0 (20)
For simplicity, let us consider the case when the param-
eter space is a torus corresponding to a Brillouin zone
of a 2-dimensional crystal, generalization to other types
of surfaces is straightforward. According to the general
theory of characteristic classes, the wavefunction with
a nontrivial Chern number has to have a singularity at
some point in parameter space ~q′. By choosing the gauge
described above we have moved the singularity of |ψ1(~q)〉
to the boundary of the 2-disc from which the torus is then
obtained by gluing the sides. The wavefunction is con-
tinuous inside the Brillouin zone then but not periodic
and the boundary conditions are given by
ψ(0, q2) = e
iθ(q2)ψ(2pi, q2), ψ(q1, 0) = e
iθ(q1)ψ(q1, 2pi)
(21)
the winding of the phase θ(q1, q2) along the boundary
yields precisely the first Chern number. Then, according
to (19) the mixing matrix element t(q1, q2) also acquires
the same phase winding along the boundary. Due to
the discrete nature of this winding it does not change
upon smooth variations of the parameters, so one can
smoothly deform the contour on which the winding is
defined. One will not be able to shrink this contour to a
point if t(q1, q2) 6= 0 everywhere since due to the conser-
vation of the winding. In this case one would obtain a
discontinuity of t(q1, q2) at some point unless t(q1, q2) = 0
in this point. So, this proves the topological constraint
discussed.
IV. BAND CROSSING: TOPOLOGICAL
TRANSITION AND BERRY CURVATURE
DISTRIBUTION
In this Section we consider the avoided crossing of two
bands of different topology. We assume that the values
of the mixing matrix elements in (18) t(~q) are small in
comparison with typical width of the bands 0,1(~q). More
precisely,
|t(q1, q2)|  max
~q
0,1(~q)−min
~q
0,1(~q) (22)
We would like to move the energies of the bands with
respect to each other. Let us assume that both energies
depend on an additional parameter η
0,1(~q) = 
0
0,1(~q)± η (23)
As an example of a concrete physical situation where it
can be realized one can consider a bilayer material with
weak tunnel coupling between the layers. The bands 0
and 1 are situated in different layers, weak tunneling is
responsible for matrix mixing elements and to 2η cor-
responds to the difference of electrostatic potentials be-
tween the layers that can be induced by a perpendicular
electric field.
We see that at sufficiently large |η| the unperturbed
band energies never cross: η → −∞ 0(q1, q2) < 1(q1, q2)
for all (q1, q2), for η → +∞ 0(q1, q2) > 1(q1, q2) for
all (q1, q2). By changing η from large negative to large
positive values we move the energies of the bands with
respect to each other and make them cross in a certain
interval of η.
Let us consider how the Chern numbers of the eigen-
bands of (18) change upon changing η. When the ener-
gies of the unperturbed bands do not cross at any point
(|η| → +∞) the mixing can be neglected and the Chern
numbers of the eigenbands the same as without mixing.
However, we see that the topological configurations of the
bands are different for η → ±∞. At η → −∞ the topo-
logical charge is concentrated in the lower band while it
is transfered to the upper band when η → +∞. We con-
clude that the topological transition must occur upon the
band crossing.
The crossing of the bands is generally avoided at a
given value of η. The unperturbed bands cross at the
lines where 0(q1, q2) = 1(q1, q2), and the area of the
space of (q1, q2) is separated into parts by these lines.
5Except for the close vicinity of these lines, the wavefunc-
tions are expected to be close to with the unperturbed
ones since the mixing is small. At the lines the crossings
are generally avoided and the bands do not actually cross
(see Fig.1) being separated by an energy difference at
least 2|t(~q)|. The bandmixing is strong in a narrow strip
that includes the lines. The typical width of the strip can
be estimated as |δ~qM | ' | t(~q)∂(1(~q)−0(~q))/∂qα |. The Chern
numbers can be ascribed to the resulting lower and up-
per energy bands and do not change while the crossing
is avoided.
There is however a critical value of η = ηc at which the
crossing lines intersect the special point ~q∗ mentioned in
the previous Section. At this point |t(~q∗)| = 0 and the
crossing is not avoided. Two bands are connected at the
point ~q∗ and become a single band with the topological
charge 1. This is the point of topological phase transition.
In the rest of the Section we consider the distribution
of the Berry curvature in the ~q-space for the situation
of the band crossing. The Chern number is proportional
to the integral of the Berry curvature over the space. A
naive consideration would neglect the small mixing, so
the Chern number of the eigenband reduces to the sum
of integrals of Berry curvatures of the unperturbed bands
over the corresponding regions. However, this sum is by
no means integer.
So motivated, let us consider the situation in de-
tail. Let us assume that the condition for the cross-
ing of the unperturbed levels 0 = 1 is satisfied along
a single closed line in the (q1, q2) space (see Fig.1).
Then, under the assumptions described above away from
this line the wavefunctions should approach the non-
mixed functions up to a phase factor |ψ±(q1, q2)〉 →
eiχ0,1(q1,q2)|ψ0,1(q1, q2)〉. We denote these areas as D1,2.
We denote the values of the Berry curvature integrals
over these areas as
Iji =
1
2pi
∫
Di
B
(j)
12 dq1dq2 (24)
j = 0, 1 labeling the unperturbed bands. If we neglect
a narrow area that encloses the energy crossing line (de-
noted as R in Fig.1). the ”Chern numbers” of the upper
(C˜+) and lower (C˜−) bands do not reduce to integers
C˜+ = I
(0)
1 + I
(1)
2 6= C1 = 1 = I(1)1 + I(1)2 (25)
C˜− = I
(1)
1 + I
(0)
2 6= C0 = 0 = I(0)1 + I(0)2 (26)
in general, which seems to contradict the general topol-
ogy statement.
This paradox is resolved by considering the Berry cur-
vature in region R. There, the bands are strongly mixed
and thus this narrow region brings a finite contribution
to the Chern number so that the typical Berry curvature
in this region is ∼ |δ~qM |−1, that is much bigger that the
typical Berry curvature in the regions D1,2. We denote
FIG. 1. Right: separation of the (q1, q2) parameter space into
3 regions before the topological transition: D1 where 1 < 0,
D2 where 1 > 0 and a narrow stripR around the line 1 = 0.
The width of the strip is determined by the value of mixing
t in (18). Oriented boundaries of D1,2 are denoted as L1,2.
Left: after the transition
the contributions from the region R as
IR± =
1
2pi
∫
R
B±12dq1dq2 (27)
The true topological charges C± of the eigenbands |ψ±〉
are
C+ = I
(0)
1 + I
(1)
2 + I
R
+ (28)
C− = I
(1)
1 + I
(0)
2 + I
R
− (29)
and must be integer.
To see that we shall evaluate IR± . In order to do this,
we consider the Berry connections of the superpositions.
It is defined as A±α = i〈ψ±|∂qαψ±〉. For two superposi-
tions under consideration, |ψ±〉 = a±|ψ0〉+b±|ψ1〉 where
superposition coefficients a±, b± are obtained by diago-
nalizing (18). We express the connections in terms of
superposition coefficients
A±α = ia
∗
±∂qαa± + ib
∗
±∂qαb± + |a±|2A(0)α + |b±|2A(1)α +
+ (ia∗±b±〈ψ0|∂qαψ1〉+ c.c) (30)
We see that in addition to the weighted sum of connec-
tions there are extra contributions to A±α . We will see
that they are responsible for the resulting Chern num-
bers being integer. At distances from the crossing line
that |δ~qM | but still much smaller than the typical size
of the Brillouin zone, the coefficients a− and b+ vanish
in D1 and the coefficients a+ and b− vanish in D2 (see
Fig.1). With this we obtain the following asymptotics for
~q ∈ D1 {
A+α = i∂qα(log a+) +A
(0)
α
A−α = i∂qα(log b−) +A
(1)
α
(31)
6and for ~q ∈ D2{
A+α = i∂qα(log b+) +A
(1)
α
A−α = i∂qα(log a−) +A
(0)
α
(32)
We denote the contour integrals of the Berry connections
over two oriented boundaries Li = −∂Di of the regions
Di
Jji = −
1
2pi
∫
Li
~Aj · d~q (33)
It is crucial to note that in the absence of singularities of
all the functions away from the boundary of the (q1, q2)-
space one may use the Stokes theorem to reduce the sur-
face integrals of the Berry curvature Iji to the contour in-
tegrals of the Berry connection. Applying this we express
the contributions of Di in terms of the contour integrals
(33) {
Ij1 = J
j
1
Ij2 = J
j
2 + Cj
As for the contributions from region R, they are ex-
pressed in terms of Iji and the contour integrals of the
gradients of the phases of superposition coefficients (the
latter holds since |a−|, |b+| → 1 in D2 and |a+|, |b−| → 1
in D1)
IR+ =
1
2pi
∫
L1
~A+ · d~q + 1
2pi
∫
L2
~A+ · d~q =
= −I(1)2 + C1 − I(0)1 +
i
2pi
∫
L2
d~l · ~∇ log b++
+
i
2pi
∫
L1
d~l · ~∇ log a+ (34)
IR− =
1
2pi
∫
L1
~A− · d~q + 1
2pi
∫
L2
~A− · d~q =
= −I(0)2 + C0 − I(1)1 +
i
2pi
∫
L2
d~l · ~∇ log a−+ (35)
+
i
2pi
∫
L1
d~l · ~∇ log b− (36)
The last two terms in Eqs. (36) and (34) are integer mul-
tiples of 2pi since they are equal to the sum of the wind-
ings of the phases of superposition coefficients along the
closed contours L1,2. In order to compute these phases,
we diagonalize the effective Hamiltonian in the vicinity
of the crossing line
H(eff) =
(
ε t
t∗ −ε
)
(37)
where the small energy difference is ε = (0 − 1)/2, the
limits ε/|t| → ±∞ bring us to the region D1, D2 corre-
spondingly. We approximate the mixing matrix element
by its value exactly at line disregarding its dependence
on ε. We diagonalize (37) to find two eigenfunctions
|ψ±〉 = a±(ε)|ψ0〉+ b±(ε)|ψ1〉. To remove the ambiguity
of the phases we will choose the phase of |ψ+〉 to coincide
with the phase of |ψ1〉 and the phase of |ψ−〉 to coincide
with the phase of |ψ0〉 in the region D2 so that
a−(−∞) = 1, b+(−∞) = 1 (38)
Diagonalizing (37) with the phase fixing conditions (38),
we obtain the superposition coefficients in the region R{
b−(ε) =
a−(ε) =
1√
|t|2 + (ε+√|t|2 + ε2)2
−t∗(ε+
√
ε2+|t|2)
|t|
|t|
{
b+(ε) =
a+(ε) =
1√
|t|2 + (−ε+√|t|2 + ε2)2
√|t|2 + ε2 − ε
t
With this we can find their asymptotics at ε→ +∞ that
correspond to the values of superposition coefficients on
L1
b− → −t∗/|t|, a+ → t/|t| (39)
with this one can compute the last contributions in (36)
and (34) ∫
L2
d~l · ~∇ log a− = 0 =
∫
L2
d~l · ~∇ log b+ (40)
i
2pi
∫
L1
d~l · ~∇ log a+ = − i
2pi
∫
L1
d~l · ~∇ log b− =
=
∫
L1
d~l · ~∇ log t = w (41)
where we denoted the winding of the phase of the mixing
matrix element along L1 as w. Before the transition when
the point ~q∗ is outside L1 we have w = 0. After the
transition by definition of the mixing matrix element (19)
the value of w coincides with the value of C1 with the
opposite sign. Then from Eqs. (36), (34), (40), (41) we
obtain
C+ = 1 +
w
2pi
, C− = − w
2pi
(42)
So, in the case before the transition we have
C+ = 1, C− = 0 (43)
and after the transition
C+ = 0, C− = 1 (44)
as shown in Fig.1. The above reasonings can be straight-
forwardly generalized to the crossing of two bands with
arbitrary Chern numbers m,n. We note that in this case
the mixing matrix element has |n−m| zeroes, so we ex-
pect |n−m| phase transitions upon the crossing.
7FIG. 2. Triple points are generically absent in the phase dia-
grams under consideration. The critical points are quadruple
with 4 phases meeting at the point. There are two types of
the quadruple points. a) Type-I: crossing of the lines of the
same color. always connects three different phases. The cross-
ing point is stable upon small variations of parameters. The
exchange of Chern number by 1 guarantees that two of the
four phases are the same and the only possibility for phases
is: A = (..., ni, ni+1, ...), B = (..., ni ± 1, nn+1 ∓ 1, ...) and
C = (..., ni ∓ 1, ni+1 ± 1, ...). b) Type-II: crossing of the lines
of different colors. All 4 phases are different. There may
be several options for those phases depending on colors and
signs of Weyl points, e.g.: A = (..., ni, ..., nj , ...), B = (..., ni−
1, ni+1 + 1, ..., nj , ...), C = (..., ni, ..., nj − 1, nj+1 + 1, ...) and
D = (..., ni − 1, ni+1 + 1, ..., nj − 1, nj+1 + 1)
V. MANY BANDS: GENERAL PROPERTIES
OF THE PHASE DIAGRAMS
In this Section, we consider the topological phases and
the transitions between the phases for an arbitrary num-
ber of bands N . Let us assume that the bandstructure
depends on M additional parameters. At arbitrary point
in the space of M parameters the bands do not cross and
can be sorted in the order of increasing energy. The first
Chern numbers of each band are well-defined. With this,
we define a topological phase as an enumeration of the
first Chern numbers of the bands in the order of ascend-
ing energy. It is convenient to describe it with a Greek
letter milti-index that consists of enumeration of the first
Chern numbers of the bands in the order of ascending en-
ergy (e.g. β ≡ {ni}, i = 1, .., N).
To achieve a 2-band generic crossing one has to tune 3
independent parameters17, two of them might be quasi-
momenta. Therefore, the band crossings occur in a (M−
1)-subspace of the space of additional parameters and
this is a subspace of the topological transition points.
For many bands there can be the singularities of higher
order, e.g. 3- and 4-bands crossing. They occur in the
subspaces of dimensionM−6 andM−13. We restrict our
consideration to smaller dimensions where all transitions
correspond to pairwise crossings of the bands.
We start with M = 1. Two quasi-momenta and sin-
gle additional parameter form a 3-dimensional parame-
ter space. The 2-band crossings correspond to isolated
Weyl points18 in this 3-dimensional space. These points
are topologically stable bearing a topological charge re-
lated to the point-like divergence of the 3-dimensional
Berry curvature. Two bands exchange Chern number
1 upon the change of the additional parameter. Let us
note that the crossings of different pairs of the bands
bear distinct topological charges. We will call them col-
ors: there are N − 1 distinct colors. Generically the po-
sitions of Weyl points do not coincide. The accidental
coincidence of the positions of two Weyl points corre-
sponding to two pairs with one mutual band would lead
to a 3-band crossing at this mere point. As discussed,
that we do not consider. The phase diagram consists of
intervals separated by the projections of the Weyl poins
onto the axis of additional parameter. This implies the
following rule: the phase transition cannot occur be-
tween two arbitrary phases, since the transitions involve
the Chern number exchange between neighboring bands
({..., ni, ni+1, ...} ↔ {..., ni + 1, ni+1 − 1, ...})
Let us consider M = 2 and phase diagrams in the space
of two additional parameters s1,2. Weyl points develop
into singularity lines in the resulting 4-dimensional space.
These lines come in distinct colors. The phase diagram
is obtained by the projection of these lines onto (s1, s2)
plane. Therefore, the critical points where more than two
phases coexist, are quadruple (see Fig.2). In such a crit-
ical point there are two 2-band crossings in the Brillouin
zone. Generically these crossings occur at different ~q.
There are two types of critical points. Type-I corre-
sponds to the crossing of two lines with the same color
(Fig. 2(a)). Since each line corresponds to the exchange
of Chern numbers by 1 in the neighbouring bands, 2 of
the 4 phases meeting at the point must be the same.
For instance, two identical phases A = (..., ni, ni+1, ...)
and two different ones: B = (..., ni ± 1, nn+1 ∓ 1, ...) and
C = (..., ni ∓ 1, ni+1 ± 1, ...) (see Fig.2). If we consider
M > 2 and give small variations to extra parameters
(s3, etc), these point will be stable with respect to these
small variations of extra parameters. However, upon the
larger variation of at least two extra parameters one can
annihilate two 2-band crossings and thereby eliminate
the critical point. Type-II corresponds to the crossings
of the lines of distinct colors. In this case all 4 phases
must be distinct. These points are even more stable than
Type-I points. The Type-II crossing may change upon
changing 4 extra parameters. More are needed to change
the crossings of the lines of more distinct colors.
The most common features of the usual phase diagrams
(e.g. for not topological phase transitions13) are very
distinct from the ones under consideration. In that case
the critical points in 2-dimensional parametric space are
triple.
VI. EXAMPLE: BILAYER HALDANE MODEL
To illustrate the above general considerations, we in-
vestigate the phase diagrams of a bilayer Haldane model.
The Haldane model19 for a single layer describes elec-
trons in a periodic hexagonal lattice with two orbitals
per site, ai i = 1, 2, 3 being the nearest neighbor vec-
tor distances and bi being the next to nearest neighbor
vector distances in the lattice. The Hamiltonian is a ~q-
dependent 2× 2 matrix, the matrix structure describing
82 sublattices in hexagonal lattice, and reads
HH =
M + 2tnnn
3∑
j=1
sin ~q ·~bj
 τz+
+ tn
{
3∑
i=1
cos ~q · ~aiτx − sin ~q · ~aiτy
}
(45)
M being the parameter corresponding to a mass coef-
ficient, t
(η)
n is the real amplitude of the next-neighbor
hopping and a purely imaginary next-nearest neigh-
bors hopping amplitude t
(η)
nnn. The Hamiltonian gives
rise to two bands that are topologically trivial provided
|tnnn| < |M/(3
√
3)| and the lower and upper bands have
Chern numbers −sgn(tnnn) and +sgn(tnnn) correspond-
ingly for19 |tnnn| > |M/(3
√
3)|. The band crossings oc-
cur at tnnn = ±M/(3
√
3) occur at high symmetry at
the boundary of the Brillouin zone where C3 rotational
symmetry is preserved.
The phase diagram for the single layer model was in-
vestigated previously19. The phase diagram possessed
two critical points of Type-I. According to the general
analysis done in SecV those points are stable upon small
variations of parameters of the model.
Stacking two layers together, arranging an energy shift
and a tunnel coupling between the two will give rise to
(avoided) band crossings and the associated topological
transitions that we investigate. We put the layers exactly
on the top of each other, exactly matching the site po-
sitions in lateral directions. This preserves the original
C3 rotational symmetry. We only take into account the
tunneling between layers for the nearest neighbors. The
Hamiltonian of the bilayer model in use is thus a 4 × 4
matrix
Hˆ =
(
H
(1)
H T
T† H(2)H
)
(46)
the block structure is in the space of 2 layers. Each di-
agonal block is a single layer Haldane Hamiltonian with
M (η), t
(η)
n , t
(η)
nnn (η = 1, 2) and energy shifts (η − 1)× s.
The quasi-momentum-independent tunneling operator
is diagonal in the sublattice space
T =
(
Ta 0
0 Tb
)
(47)
We concentrate on the case arg(Ta) 6= arg(Tb). If the
phases of these two tunneling amplitudes are the same,
the model possesses an extra degeneracy and does not
suit to illustrate the generic situation. The degenerate
case is addressed in Sec.V III.
This Hamiltonian describes N = 4 bands. The band-
structure depends on M = 10 additional parameters:
pairs of parameters describing the layers t
(η)
n , t
(η)
nnn and
M (η), absolute values of Ta,b and their mutual phase dif-
ference and the energy shift s. For phase diagrams we
need to choose two independent parameters. A natural
parameter is the energy shift s and the second natural
parameter would be the bandwidth W . With this
t(η)n /a
(η) = t(η)nnn/b
(η) = M (η)/c(η) = W (48)
where we fix the coefficients a(η), b(η), c(η) to some values
∼ 1. For some diagrams we implement an alternative
choice where M (η) are fixed.
One has to find the phase separation lines. To this end,
one has to find the positions of the band crossings in a
4-dimensional parameter space q1,2, s and W . For the
Hamiltonian (46), this looks like a challenging numerical
task. In fact, it is not. Owing to C3 symmetry, a band
crossing in an arbitrary point of the Brillouin zone would
come in a triple. The associated phase transition would
correspond to exchange of Chern numbers of 3 topolog-
ical charges between the bands. This is an interesting
possibility we have searched for yet didn’t find it for the
model under consideration. A possible reason for that is
a general difficulty to achieve high topological numbers.
In fact, in our examples we didn’t see Chern numbers
bigger than 1.
Another possibility is to have the band crossings in the
high-symmetry points K or K ′. The associated topologi-
cal transitions correspond to the exchange of unity topo-
logical charge, as in generic case. In these points, the
eigenenergies can be readily found analytically,
1,2 =
s+ S
2
±
√
|Ta|2 +
(
s+A
2
)2
3;4 =
s− S
2
±
√
|Tb|2 +
(
s−A
2
)2
(49)
where we define
S = M (1) +M (2) − 3
√
3σ(t(1)nnn + t
(2)
nnn) (50)
A = M (2) −M (1) − 3
√
3σ(t(2)nnn − t(1)nnn) (51)
σ = ± corresponding to K and K ′, respectively. In this
model the transition lines come in three colors. We as-
sociate the blue color with the crossing of the two lowest
in energy bands, green color with that of the second and
third band and the red color with that of the third and
forth. The red lines emerge at
1 = 3 (52)
for the blue lines emerge at
2 = 4 (53)
and the green ones emerge either emerge at 1 = 4 or
2 = 3. At a given W the 4 conditions above can be
regarded as equations for s. Only 2 of 4 equations can
9FIG. 3. Examples of the phase diagrams for the bilayer Hal-
dane model. The phase transition lines of three colors (see
the text) correspond to the crossings at K point (dashed) or
K′ (solid). The parameters are: b(1) = b(2) = 0.5, Ta = 0.5,
Tb = 2 + 0.2i. Different choices of masses are made for the
upper and lower panel, upper: M (1) = M (2) = 0.8 and lower:
M (1) = M (2) = 0.55. The phases are given by enumera-
tion of Chern numbers: α = (0, 0, 0, 0), β = (0, 0,−1, 1),
γ = (0,−1, 0, 1), δ = (−1, 1,−1, 1), ζ = (−1,−1, 1, 1),
ω = (−1, 0, 0, 1). Overline indicates the change of sign of
all Chern numbers, e.g δ = (1,−1, 1,−1). The extra region
of the phase α between two critical points seen in the lower
panel disappears upon variation of the masses.
have roots at either K or K ′. This implies that at a given
W one finds 0 or 2 or 4 phase transitions at different
values of s.
The examples of the phase diagrams are presented in
Figs. 3, 4, 5. In all these diagrams we see the features
predicted in Sec.V . The critical points are all quadruple.
There are Type-I critical points where 3 phases coexist
and Type-II critical points where all 4 phases are differ-
ent.
In the upper panel of Fig. 3 we see two red transi-
tion lines separating single domain of phase α from the
phases β and β correspondingly. Upon tuning a param-
eter continuously, we can make these 2 lines intersect.
Two Type-I critical points are formed at s =≈ ±2 and
FIG. 4. Examples of the phase diagrams for the bilayer Hal-
dane model. Choice of parameters −3b(1) = b(2) = −0.3,
Ta = 3, Tb = 1.5 + 0.2i and in the upper panel: 2M
(1) =
M (2) = 4.2 and in the lower panel: 2M (1) = M (2) = 3. In
addition to the phases in Fig.3 we also have: ρ = (−1, 1, 0, 0),
pi = (−1, 1, 1,−1), λ = (0,−1, 1, 0). The regions of the phases
λ, λ, α in the center of the Figure disappears upon the varia-
tion of the masses.
W = 0 in the lower panel of Fig.3. We also see three
domains of phase α instead of one as in the upper panel.
With 4 we illustrate more complex scenarios of this
kind. In the center of the top panel we see isolated com-
pact domains of the phases λ, λ coexisting with the phase
α. Upon tuning a parameter continuously, we can make
these domains disappear. In the lower panel these do-
mains are absent. We stress that in this case two compact
transition lines disappear together with a pair of Type-I
critical points.
We illustrate another scenario with Fig. 5. There are
two main distinctions between upper and lower panel.
The first one is the presence of non-compact domains of
phases δ, δ in the lower panel contrary to the case of upper
panel. This is in contrast to the case of the Fig.4 where
the disappearing domains were compact. The second dis-
tinction between panels is the presence of the Type-II
critical points in the lower one in addition to the Type-I
critical points in the upper one. Both changes are pro-
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FIG. 5. Examples of the phase diagrams for the bilayer Hal-
dane model. Choice of the parameters: M (η) = c(η) ∗ W ,
c(1) = c(2) = 3.6, Ta = 1 + 0.3i, Tb = 0.3 + 1.5i and for upper
panel b(1) = −b(2) = 5, for lower panel b(2) = −10. In the
upper panel only the Type-I critical points are seen at s = 0
and W ≈ ±0.05. Upon variation of b(2) the blue and red solid
lines interchange at positive as well as at negative W . This
leads to the emergence of the Type-II critical points where
the lines of different color cross and the non-compact regions
of the phases δ and δ.
duced upon continuous variation of the parameter of the
model. We stress that in this case the Type-II crossings
are not produced at finite values of parameters but come
from infinitely large positive and negative W . This is
in contrast to the case of Fig.3 where the critical points
were produced pairwise at a given point on the phase
diagram.
VII. SUMMARY AND CONCLUSIONS
In this Article, we address the topological properties
of superpositions of the quantum bands. This involves
definition and values of the topological numbers of the
superposition of bands.
The naive expectation for the Chern number of the su-
perpositions of the states to also be a weighted sum of
Chern numbers should fail due to the general theory of
characteristic classes. Therefore, this is a problem of gen-
eral interest and we investigate the topological properties
of the superpositions created in different ways.
The first way is to create the dynamic superposition
by resonant quantum manipulation16 and investigate its
time evolution. Thus we can compute the transmobil-
ity of the particle initially prepared in the superposition
state. In this case we find that the transmobility reduces
to the weighted sum and is non-topological therefore.
This can be traced to the fact that the dynamic evolution
of the state is generally not periodic. The second way to
create a superposition is to add a nonzero mixing ma-
trix elements mixing the bands. We have considered the
topological properties of so created static superposition
of two states. In this case we investigate in detail how
the integer values of the Chern numbers of the superpo-
sition states are restored in accordance with the general
theory of characteristic classes. We show a general and
important property of the matrix element between two
topologically distinct phases that it must vanish at some
point in parameter space. This allows the topological
transitions to happen.
Within the approach of investigation of static super-
positions we also analyze the properties of many-band
Hamiltonians. If the number of parameters is not large
then it is not possible generically to tune the system to
the more than two bands crossing point in parameter
space. Therefore we conclude that in this case the topo-
logical properties of separate bands in terms of the first
Chern numbers are sufficient to describe the system com-
pletely. More precisely, all the relevant information about
the topological properties can be presented in the phase
diagram. Those show the quadruple points which is in
contrast to usual phase transitions where triple points are
common13. These quadruple points come in two types:
the ones that connect 3 or 4 different phases. The Type-II
points can be continuously annihilated pairwise or sent to
infinity by tuning an additional parameter. The points
of the Type-I can in addition to those mechanisms be
annihilated by tuning two opposite topological charges
in 3-dimensional parameter subspace to the same point.
This requires one additional parameter to tune. There-
fore, all the crossings are stable with respect to small
deviations of the parameters.
Finally, we investigate in detail the phase diagrams
for the bilayer Haldane model at some specific choices of
parameters. We see the realization of the general features
discussed above. In addition, the disappearance of the
whole compact region of the topological phase can be
achieved by tuning the parameters.
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VIII. APPENDIX A: EXTENDED
SINGULARITIES IN THE BILAYER HALDANE
MODEL
In this Appendix we investigate a particular choice of
the parameters in Eq.(46) when arg(Ta) = arg(Tb). This
case is somewhat degenerate. In the generic case de-
scribed in the main text one only has Weyl point singu-
larities in the 3-dimensional space of q1,2 and one addi-
tional parameter. Those are situated in the corners of
the Brillouin zone K,K ′. Contrary to this, in the de-
generate case we find that there is a possibility to have
extended 1-dimensional singularities in the 3-dimensional
parameter space. Moreover, these can be situated away
from the points K,K ′. We note that the case |Ta| = |Tb|
is even more degenerate and opens a possibility to have
2-dimensional singularities in the 3-dimensional param-
eter space. We do not consider this case here. We also
note that the extended singularities are present in the
non-generic case, so they can be removed by complicat-
ing the model. We report this cone-formation mechanism
in this Appendix anyway.
In order to investigate the possibility of the extended
singularities away from high-symmetry points K,K ′ in
~q-space for a Hamiltonian (46) it is convenient to rewrite
the diagonal blocks (45) as spin Hamiltonians which is
always possible for a 2× 2 matrix, so
H
(η)
H =
~B(η)~σ (54)
where the ”magnetic fields” have components
~B(1) = |B(1)|(sin θ cosφ, sin θ sinφ, cos θ) and
~B(2) = |B(2)|(sin θ′ cosφ′, sin θ′ sinφ′, cos θ′). The
lengths of B(1,2) and the angles are the functions of
initial parameters in (45). The peculiarity of our model
is that φ = φ′ always, which directly follows from
(45). One can diagonalize these diagonal blocks in (46)
applying a block-diagonal unitary transformation to
(46). Upon doing that the upper off-diagonal block is
transformed
T˜ =
(
cos θ2 cos
θ′
2 Ta + sin
θ
2 sin
θ′
2 Tb cos
θ
2 sin
θ′
2 Ta − sin θ2 cos θ
′
2 Tb
sin θ2 cos
θ′
2 Ta − cos θ2 sin θ
′
2 Tb sin
θ
2 sin
θ′
2 Ta + cos
θ
2 cos
θ′
2 Tb
)
(55)
where we have used that φ = φ′. We see from (55) that if
the phases of Ta,b are different, the matrix elements never
vanish, so we always expect avoided crossing away from
K,K ′. If the phases are the same it opens a possibility
to set some matrix elements to zero, so the singulari-
ties away from high-symmetry points become possible.
In fact, if the phases coincide one can gauge them out
by another unitary transformation of (46) and bring it
to a symmetric form. Due to this additional symme-
try there is a possibility to have extended singularities
in 3-dimensional parameter space. We indeed see this
cone-generation (see Fig.6).
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